Semi-Clifford operations, structure of Ck hierarchy, and 
gate complexity for fault-tolerant quantum computation 
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Teleportation is a crucial element in fault-tolerant quantum computation and a complete under- 
standing of its capacity is very important for the practical implementation of optimal fault-tolerant 
architectures. It is known that stabilizer codes support a natural set of gates that can be more 
easily implemented by teleportation than any other gates. These gates belong to the so called Ck 
hierarchy introduced by Gottesman and Chuang (Nature 402, 390). Moreover, a subset of Ck gates, 
called semi-Clifford operations, can be implemented by an even simpler architecture than the tra- 
ditional teleportation setup (Phys. Rev. A62, 052316). However, the precise set of gates in Ck 
remains unknown, even for a fixed number of qubits n, which prevents us from knowing exactly 
what teleportation is capable of. In this paper we study the structure of Ck in terms of semi-Clifford 
operations, which send by conjugation at least one maximal abelian subgroup of the n-qubit Pauli 
group into another one. We show that for n — 1,2, all the Ck gates are semi- Clifford, which is 
also true for {n = 3, fe = 3}. However, this is no longer true for {n > 2, fe > 3}. To measure the 
capability of this teleportation primitive, we introduce a quantity called 'teleportation depth', which 
characterizes how many teleportation steps are necessary, on average, to implement a given gate. 
We calculate upper bounds for teleportation depth by decomposing gates into both semi-Clifford Ck 
gates and those Ck gates beyond semi-Clifford operations, and compare their efficiency. 

PACS numbers: 03.67.Pp, 03.67.Lx 



I. INTRODUCTION 

The discovery of quantum error-correcting codes and 
the theory of fault-tolerant quantum computation have 
greatly improved the long-term prospects for quan- 
tum computing technology P, 0. To implement fault- 
tolerant quantum computation for a given quantum 
error-correcting code, protocols for performing fault- 
tolerant operations are needed. The basic design prin- 
ciple of a fault-tolerant operation protocol is that if only 
one component in the procedure fails, then the failure 
causes at most one error in each encoded block of qubits 
output from the procedure. 

The most straightforward protocol is to use transver- 
sal gates whenever possible. A transversal operation has 
the virtue that an error occurring on the fcth qubit in a 
block can only ever propagate to the kth qubit of other 
blocks of the code, no matter what other sequence of 
gates weperform before a complete error-correction pro- 
cedure [3, 01 . Unfortunately, it is widely believed in the 
quantum information science community that there does 
not exist a quantum error correcting code, upon which we 
can perform universal quantum computations using just 
transversal gates Q , and recently this belief is proved Q . 

We therefore have to resort to other techniques, for 
instance quantum teleportation Q or state distillation 
The Ck hierarchy is introduced by Gottesman and 
Chuang to implement fault-tolerant quantum computa- 
tion via teleportation The starting point is, if we can 
perform the Pauli operations and measurements fault- 
tolerantly, we can then perform all Clifford group opera- 
tions fault-tolerantly by teleportation. We can then use a 
similar technique to boot-strap the way to universal fault- 



tolerant computation, using teleportation, which gives a 
Ck hierarchy of quantum teleportation, as defined below: 

Definition 1 The sets Ck are defined in a recursive way 
as sets of unitary operations U that satisfy: 



Ck+i = {U\UCiU^ C Ck}, 



(1) 



where Ci is the Pauli group. We call a unitary operation 
an n-qubit Ck gate if it belongs to the set Ck and acts 
nontrivially on at most n qubits. 

Note by definition C2 is the Clifford group, which takes 
the Pauli group into itself. And Ck Z) Cfe_i, but Ck for 
/c > 3 is no longer a group. 
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FIG. 1: Two-bit teleportation scheme. < denotes an EPR 
pair, B represents Bell-basis measurement, R'^y = URxyU\ 
where Rxy is a Pauli operator. The double wires carry clas- 
sical bits and single wire carries qubits. Any gate in the Ck 
hierarchy can be implemented fault-tolerantly using this tele- 
poration scheme. 

All the gates in Ck can be performed with the two-bit 
teleportation scheme (FIG.[T|) in a fault-tolerant manner. 
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FIG. 2: One-bit teleportation scheme. For Z-teleportation, 
A ^ I, B = H, D ^ Z, and E is a. CNOT gate with the 
first qubit as its target. For X-teleportation, A = H , B = I , 
D — X, and i? is a CNOT gate with the first qubit as its 
control. All semi-Clifford Ck gates can be implemented fault- 
tolerantly using this scheme. 



Because, as proved in [J], it is possible to fault-tolerantly 
prepare the ancilla state Ivfj}), apply the classically con- 
trolled correction operation R^y, and measure in Bell ba- 
sis on a stabilizer code. However the precise set of gates 
which form Ck is unknown, even for a fixed number of 
qubits. It is demonstrated in 8] that a subset of Ck gates 
could be implemented by a different architecture than 
the standard teleportation, called one-bit teleportation, 
as shown in FIG. [H Those gates adopt the form L1VL2, 
where F is a diagonal gate in Ck and Li, L2 are two Clif- 
ford operations. Gates of this form are recently studied in 
literature and are called the semi-Clifford operations [91] . 
In the following we will denote the n-qubit Pauli group 
as Vn and a semi-Clifford operation is defined to be a 
gate which sends at least one maximal abelian subgroup 
of Vn to another maximal abelian one under conjugation. 

Due to the fact that one-bit teleportation needs only 
half the number of ancilla qubits per teleportation than 
the standard two-bit teleportation, it is important to un- 
derstand the difference of capabilities between one and 
two-bit teleportation for the practical implementations 
of fault-tolerant architecture. It is conjectured in Q 
that those two capabilities coincide for {n = 2, fc = 3}, 
which means that all the C3 gates for two qubits are semi- 
Clifford operations. 

In this paper, we prove this conjecture for a more gen- 
eral situation where {n = l,2,Vfc}, and {n = 3,k = 3}. 
We then disprove it for parameters {n > 2, fc > 3} by 
explicit construction of counterexamples. We leave open 
the question for the parameters {n > 2,k — 3}, and a 
more general problem of fully characterizing the structure 
of Ck'- we conjecture that all gates in Ck are something 
we refer to as generalized semi-Clifford operations, i.e. 
a natural generalization of the concept of semi-Clifford 
operation to the case including classical permutations. 
Our results about this semi-Clifford operations versus Ck 
gates relation can be visualized in FIG. [31 

Just as in the usual circuit model, different gates are 
implemented with different levels of complexity using this 
teleportation scheme. It is then natural to ask the ques- 
tions, how to characterize this concept of gate complex- 
ity with concrete physical quantities, how does this mea- 
sure based on teleportation schemes compare with the 




FIG. 3; Semi-ClifTord operations versus Ck gates. A: all gates; 
B: generalized semi-Clifford gates; C: semi-Clifford gates; D; 
Ck gates; E: C3 gates. C is strictly contained in B and E is 
strictly contained in D. The two question marks indicate two 
open problems we have: whether D is a subset of B; and 
whether i5 is a subset of C. 



usual circuit depth, and what it implies for the practi- 
cal construction of quantum computation architecture. 
To answer these questions, we introduce a quantity as 
a measure of gate complexity for fault-tolerant quantum 
computation based on the Ck hierarchy, called the tele- 
portation depth, which characterizes how many telepor- 
tation steps are necessary, on average, to implement a 
given gate. We demonstrate the effect of the existence of 
non semi-Clifford operations in Ck on the estimation of 
the upper bound for the teleportation depth, as well as 
some quantitative difference between the capabilities of 
one and two-bit teleportation. 

The paper is organized as follows: Section II gives def- 
inition and basic properties of semi-Clifford operations 
and generalized semi-Clifford operations; in Section III 
we study the structure of Ck hierarchy in terms of semi- 
Clifford and generalized semi-Clifford operations; Section 
IV is devoted to the discussion of teleportation depth and 
how it depends on the structure of Cfe; and with Section 
V, we conclude our paper. 



II. SEMI-CLIFFORD OPERATIONS AND ITS 
GENERALIZATION 



The concept of semi-Clifford operations was first intro- 
duced in [9], to characterize the property of gates trans- 
forming Pauli matrices acting on a single qubit. Here we 
generalize it to the n-qubit case, through the following 
definition. 

Definition 2 An n-qubit unitary operation is called 
semi- Clifford if it sends by conjugation at least one max- 
imal abelian subgroup of Vn to another maximal abelian 
subgroup of Vn ■ 

That is, ifU is an n-qubit semi-Clifford operation, then 
there must exist at least one maximal abelian subgroup 
G of Vn, such that UGU^ is another maximal abelian 
subgroup of Vn ■ 
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The most basic property of a semi-Clifford operation 

is, 

Proposition 1 If R is a semi-Clifford operation, then 
there exist Clifford operations Li,L2 such that L1RL2 is 
diagonal. 

Proof: Zi represents the Pauli Z operation on the i*^ 
qubit. If R is an n-qubit semi-Clifford operation, then 
there must exist n-qubit operations Li, L2 G C2 such that 
RL2ZiL\R'^ = L\ZiLi, [13], i.e. LiRL2ZiL\R'^ l\ = 
Zi holds for any i = l...n. Therefore, {LiRL2)Zi — 
Zi{LiRL2), i.e. the n-qubit gate L1RL2 is diagonal. □ 

In other words, semi-Clifford operations are those gates 
diagonalizable 'up to Clifford multiplications'. Thus the 
structure problem of the whole set of semi-Clifford op- 
erations is reduced to that of the diagonal subset within 
it. 

As we shall see later, the notion of semi-Clifford opera- 
tions is useful in characterizing some but not all gates in 
the Ck hierarchy. More generally, we might also consider 
those gates with properties of transforming the span, or 
in other words the group algebra over the complex field, 
of a maximal abelian subgroup of Vn- 

Definition 3 A generalized semi- Clifford operation on n 
qubits is defined to send by conjugation the span of at 
least one maximal abelian subgroup of Vn to the span of 
another maximal abelian subgroup ofVn- 

Denote (Si) the group generated by a set of operators 
{Si}, and denote the span of the group (Si) as £((5^)). 
Then in a more mathmatical form we can write the above 
definition as: 

If t/ is a generalized semi-Clifford operation on n 
qubits, then there must exist at least one maximal 
abelian subgroup G = (qi) of Vn, such that for all 
s e (^{{g^)), UsW e €{U{g^)W), where UGW is another 
maximal abelian subgroup of Vn- 

Then the basic property of a generalized semi-Clifford 
operation is. 

Proposition 2 If R is a generalized semi-Clifford oper- 
ation, then there exist Clifford operations Li,L2, and a 
classical permutation operator P such that PL1RL2 is 
diagonal. 

Proof: If i? is a generalized semi-Clifford oper- 
ation, then there must exist L\,L2 € C2 such 
that i?L2G:((Z,)^^i)4i?t ^ l\q:{{Z,)^^,)Li, i.e. 

LiRL2€{{Z,)f^,)LlR^L\ = e:((Z,)f^i). That is, L1RL2 
maps all the diagonal matrices to diagonal matrices, 
therefore L1RL2 must be a monomial matrices, i.e. there 
exist a permutation matrix P and a diagonal matrix V, 
such that L1RL2 = P^V ^ PL1RL2 is diagonal. □ 

Note for the single qubit case, i.e. n — 1, the concepts 
of semi-Clifford operation and generalized semi-Clifford 
operation coincide. 



III. THE STRUCTURE OF Ck 

In this section we study the structure of gates in 
Ck- To begin with, we study some basic properties of 
Ck gates. Then we give our main results as structure 
theorems, which state that all the Ck gates are semi- 
Clifford when {n = l,2,Vfc} and {n = 3, k = 3}, but 
for {n > 2,k > 3} there are examples of Ck gates which 
are non-semi-Clifford. We then discuss the open question 
for the parameters {n > 2, k = 3}, and based on the con- 
structed counterexamples we conjecture that all Ck gates 
are generalized semi-Clifford operations. 

It should be noted that the set of n-qubit Ck gates 
is always strictly contained in the set of n-qubit Ck+i 
gates. In Q, explicit examples are given to support this 
statement. If we denote as A„_i(t/) the n-qubit gate 
which applies U to the nth qubit only if the first n — 1 
qubits are all in the state then A„_i(diag(I, e^'^^^'")) 

is in C,n+n~l \ Crn+n-2- 

A. Basic properties 

We first state an important property of gates in Ck, 
which reduce the problem of characterizing the structure 
of Ck into a problem of characterizing a certain subset of 
gates in Ck- 

Proposition 3 If R € Ck, then L1RL2 € Ck, where 
Li,L2eC2, k>2. 

Proof: We prove this proposition by induction. 

i) It is obviously true for k ~ 2; 

ii) Assume it is true for k; 

ui) For -I- 1, R e Cfe+i imphes RAR'^ e Ck, where 
A £ Ci. If we conjugate A by L1RL2, we get 

LiRL2A{LiRL2)'^ = LiR{L2AlI)R^ l\. (2) 

Since Li,L2 € C2, L\,l\ are in C2 also. And because 
L2ALI e Ci, R{L2AL\)R^ G Ck- According to assump- 
tion ii), LiR{L2AlI)R^ l\ E Ck- Finally as we can see 
from Eqn (2), L1RL2 G Cfe+i.D 

According to Proposition 3, in order to characterize 
the full structure of Ck , we only need to characterize the 
structure of a subset of it which generates the whole set 
with Clifford multiplications. 

It is known that Ck is not a group for fc > 2 and its 
structure is in general hard to characterize. However, if 
we denote all the diagonal gates in Ck as J^k, then we 
have the following: 

Proposition 4 Tk is a group. 

If we can characterize the group structure of J^k, then 
the structure of the Ck subset {LiFkL2} is known to us 
(Li, L2 € C2, Fk £ Tk)- According to Proposition 1, this 
is just the set of all semi-Clifford operations in Ck- In 
the next section, we will repeatedly use this fact to gain 
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knowledge about semi- Clifford Ck gates from the group 
structure of J-'k and for now we will give a brief proof of 
the above proposition. 

Proof: We prove by induction. 

i) It is of course true for fc = 2; 

ii) Assume it is true for fc, i.e. J-'^ is group; 

iii) Then for fc + 1, note for any Fk+i G ^k+i, 
Fk+iMFl^^ = FkM = MF'k, for non-diagonal M e Ci, 
where Ffc,F( e Tk- 

a) If Fk+i e Tk+i, then i^^+i ^ -^fc+i, since 

Fl^^MFk+i - fIm = Mf'J, which is in Tk by as- 
sumption ii). 

b) If Fik,F2k e J^k, then Fn;F2fc G J^fc, since 
Fik-iF2k^i e Tk-i.D 

According to this proposition, all semi-Clifford Ck gates 
can be characterized by the group structure of diagonal 
Ck gates. 



B. Structure theorems 

Our main results about the structure of Ck are the 
following three theorems, which state that all the Ck gates 
are semi-Clifford when {n = 1, 2,Vfc} and {n = 3, fc = 3}, 
but it is no longer true for {n > 2, fc > 3}. 

Theorem 1 All gates in Ck are semi- Clifford operations 
for {n = l,2,Vfc). 

Proof: Here we prove the case of n = 2. The proof 
of the n = 1 case is similar but can also be checked by 
direct calculation and lead to a complete classification of 
all 1-qubit Ck gates according to the group structure of 
diagonal 1-qubit Ck gates. We give details for the n — 1 
case in appendix. 

For n = 2, we prove this theorem by induction: 

i) It is obviously true for fc = 1,2; 

ii) Assume it is true for fc; 

iii) For fc -|- 1: 

a) We calculate the set 5*1 = {-^i^} for all Li e C2, 
where V £ J^k- Note by assumption ii), 5*1 gives us all 
the elements in Ck up to Clifford conjugation. 

b) Note in general V = diag{e*", e*'', e*''', e"*} for some 
angles a,/?, 7 and S. By exhaustive calculation with 
all Li G C2 we show that if there exists an element 
Vs (z Si such that Vg is trace zero and Hermitian, then 
V = diag{e-*^i , 6"*^= , e'^^ , e'"' } for some 9i and 6*2 . Fur- 
thermore, we can again show by exhaustive calculation 
with all Li G C2 that the only trace zero and Hermitian 
Vs G 5*1 is of the following form up to Clifford conjuga- 
tion: 

/ e-^'^A 
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c) We calculate the set S2 = {LiVsL\} for all Li G C2, 
which by assumption ii) and fact b) gives all the elements 
in Ck which are trace zero and Hermitian. 

d) We show that for any two-qubit gate U such that 
UVsW = Zi and {UV2W} C 52, there exist Li, L2 G C2 
such that L1UL2 is diagonal. This can be started from 
studying the eigenvectors of Vg, which can be chosen of 
the form 
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and carefully considering the possible phase of each eigen- 
vector and the possible superposition of the eigenvectors 
due to the degeneracy of the eigenvalues, similar to the 
process shown in Appendix A.D 

Theorem 2 All gates in Ck are semi- Clifford operations 
for {n = 3, fc = 3}. 

Proof: We prove this theorem exhaustively using the 
following proposition: 

Proposition 5 An n-qubit Ck gate U is semi-Clifford if 
and only if the group {t/P„C/^}nP„ contains a maximally 
abelian subgroup ofVn- 

Proof: Suppose U = L1VL2, then UVnU'< = 
LiVL2VnL{V^L\ = LiVVnV^Ll D 

On the contrary, if {UVnU''} O Vn contains a max- 
imal abelian subgroup of Vn, then there must exist 
Li,L2 G C2 such that UL\ZiLiW = L2Z^lI, i.e. 
L\U L\Z.iLiW L2 — Zi holds for any i — \...n. There- 
fore, {l\UL\)Z, = Zi[L\UL\), =^ L\ul\ is diagonal. If 
we denote this diagonal gate as V, lIul\ ^ V ^ U = 
L1VL2. 

Therefore, by exhaustive study with the subgroups of 
the three-qubit Clifford group which are isomorphic to 
Vz, we complete the proof of this theorem. More de- 
tailed analysis about this is given in Appendix B. The 
calculation is done using GAP pl|.D 

Theorem 3 Not all gates inCk are semi-Clifford opera- 
tions for (n > 2, fc > 3). 

Proof: Actually we only need to prove this theorem for 
n = 3,k — 4: then it naturally holds for all the other 
parameters of {n > 2, fc > 3}. However we would like 
to explicitly construct examples for all {n = 3, fc > 4}. 
Define Wk as in FICH 

Proposition 6 The gate 

Wk=T{ci,C2,t3)^V3,k (5) 

is a Ck+i operation but not a semi- Clifford operation, 
where T(ci,C2,i3) is Toffoli gate with the 1st and 2nd 
qubit as its control and the 3rd qubit as its target, Va^fc 
is single qubit operator diag{l^exp{i'K / 2^^^)) on the 3rd 
qubit. 
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FIG. 4: A non-Clifford-diagonalizable Ck gate Wk- Vk ~ 
diag{l,e'''^^'''^). 



Proof: 

To prove that Wk is in C^+i, 

i) When k — 2,Vk = diag{l, i} e C2. W2 is of the form 
Li?, where L is a CHfford operation and R is the ToffoH 
gate. According to Proposition 3, W2 and the Toffoh 
gate are both in C3. 

ii) For k > 2, direct calculation shows that 
{WkZ.wl} d C2, I = 1,2,3. WkXiWl e Cfc, 
VFfcXaW^^ e Cfc, WkX^Wl € Cfc_i. The images of X,'s 
under the conjugation of Wu can all be written in the 
form WkX.wl = = F^,X„ where Fui, Fl^^, Fk2, 

are diagonal gates in Ck and Fkz, F^.^ are diagonal 
single qubit gates in Ck-i acting on the third qubit. 

The image of the whole 3-qubit Pauli group 
{VFfcT^sM^^} is generated by the six elements shown 
above. As multiplication by Clifford gates preserves the 
Ck hierarchy, we only need to check the images of Pauli 
operations which are composed of two or more XiS and 
see if their images are still in Ck- 

This is obviously true considering the special form of 
{W^fcXiW^}. Multiplication of any two of them is of the 
form WkX.XjWl = X.FkiFj^^Xj. This is in Ck as the 
diagonal Ck gates form a group. Further more, multi- 
plication of all of them takes the form WkXiX2X^wl. = 
XiFkiFl^jX2Fl,^X^. As i^^3 is a single qubit operation on 

the third qubit, WkXiX2X:iWl = X^Fk^Fl^F',^^X2X:i. 
This is again a Ck gate because of the group structure of 
diagonal Ck gates. 

Therefore, we have checked explicitly that Wk G Ck+i- 

To prove that Wk is not semi-Clifford, we can exhaus- 
tively calcultate {WkV^Wl} and find its intersection with 
P3. The fact that {WkV^iWl} n P3 does not contain a 
maximally abelian subgroup of implies that Wk is not 
semi-Clifford, due to Proposition 5. 

With this example we have directly proved Theorem 
3. □ 



C. Open problems 

Let us try to understand more about the structure the- 
orems we have in the previous section. 

First recall from Q that the controUed-Hadamard gate 
Ai(iJ), which is a C3 gate, is explicitly shown to be semi- 
Clifford. We can also view this from the perspective of 
Proposition 5, by noting that Ki{H)ZiKi{Hy = Zi, 
Ai(iJ)F2Ai(iJ)^ = Zi®— 12, which means that the max- 
imal abelian subgroup of the Pauli group generated by 
(Zi,l2) X (±l,±i) is in the image of Ki{H). However, 
if we consider Wz from the perspective of Proposition 
5, we get W^3^iW^3 = ^1, W3Z2WI = Z2, W^ZsW^ = 
Ai(Z2) (8) Z3. Note this do not give us a maximal abelian 
subgroup of the Pauli group {Zi, ^2,^3) x (±1, ±i), due 
to the effect of Ai(Z'2) caused by conjugating through 
the Toffoli gate. This intuitively explains why Theorem 
3 could be true, but no counterexample to Theorem 2 
exists. 

Note that Wk is actually a generalized semi-Clifford 
operation, which is apparent from its form. Also, the 
construction of the series of gates Wk, as well as their 
extensions to n > 3 qubits, cannot give any non-semi- 
Clifford C3 gate. We then have the following conjectures 
on the open problem of the structure of Ck hierarchy in 
general. 

Conjecture 1 All gates in C3 are semi- Clifford opera- 
tions. 

Conjecture 2 All gates in Ck are generalized semi- 
Clifford operations. 

IV. THE TELEPORTATION DEPTH 

Teleportation, as a computational primitive, is a cru- 
cial element providing universal quantum computation 
to fault-tolerant schemes based on stabilizer codes. How- 
ever, not all gates are of equal complexity in this scheme. 
To actually incorporate this technique in the construc- 
tion of practical computational architecture, it is useful 
to know which gates are easier to implement and which 
are harder, so that we could achieve optimal efficiency in 
performing a computational task. In the circuit model 
of quantum computation, we face the same problem and 
in that case 'circuit depth' was introduced to char- 
acterize the number of simple one and two-qubit gates 
needed to implement an operation. While this provides 
a good measure of gate complexity, it does not take into 
consideration of fault-tolerance. It is interesting to have 
measures quantifying fault-tolerant gate complexity to be 
compared with 'circuit depth' to give us a better under- 
standing of the computational tasks at hand. 

Based on the Ck hierarchy introduced in @ and the 
knowledge of its structure gained in previous section, we 
define a measure of gate complexity for the teleportation 
protocol, called the teleportation depth, which charac- 
terizes how many teleportation steps are necessary, on 
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average, to implement a given gate. Since any telepor- 
tation unavoidably causes randomness, we need to figure 
out a certain point to start with, i.e. we should assume 
in advance that some kind of gates can be performed 
fault-tolerantly. We know that a fault-tolerant protocol 
is usually associated with some quantum error-correcting 
codes. Self-dual CSS codes, such as the 7-qubit Steane 
code, admit all gates in the Clifford group to be transver- 
sal ■ In such a situation, we only need to teleport the 
gate outside the Clifford group, and in the following, we 
will assume this as a starting point. The advantage of 
doing this, in practice, is that due to Proposition 1, we 
have the freedom of preparing the ancilla states up to 
some Clifford multiplications. 

A. Definition of tlie teleportation deptli 

With the standard two-bit teleportation scheme (FIG. 
[1]) in mind, it is easy to see that all gates in the Ck hier- 
archy can be teleported fault-tolerantly as a whole in a 
recursive manner. Suppose U is an n-qubit Ck gate. The 
ancilla state can be fault-tolerantly prepared and all the 
elements in the teleportation circuit of U are in C2 and 
can be performed fault-tolerantly, except the classically 
controlled operation Ui — R'^y — URxyU\ where R^y is 
an operator in Ci which depends on the (random) Bell- 
basis measurement outcomes xy. However, as U is in Cfc, 
Ui is in general a Ck-i operation and can be implemented 
again by teleportation. In this way, after each teleporta- 
tion step, a Ck gate is mapped to another gate one level 
lower. This recursive procedure terminates when Ui is in 
C2. 

Based on the above picture we give a more formal def- 
inition of teleportation, which characterizes its random- 
ness nature. 

Definition 4 The teleportation map f takes an n-qubit 
operator A to a set of operators via the following manner: 

f:A-.{AP,,AX:i (6) 
where Pi are elements of the n-qubit Pauli group Vn- 
Note 

fof:A^ {{AP,,A^)P,MPnAmT^n=i^ (7) 

and 

fofof:A^ 
{{(AP,,A^)P,MPnA^t)Prs{(APnA^)Pn 

(APn^mt^..^i^--- (8) 
Each element of image of the map /°'" on A is associ- 
ated with a set 

= {jl,j2 . . . , jm}. (9) 

Denote fs"^{A) as the element in image of the map 
jom ^ associated with the set S. Each element in the 
image occurs with equal probability. 



Definition 5 /^'"(^) terminates if f°s^{A) € C2. 

If (A) terminates, then Z™" (A) terminates for 
any TO2 > mi , and S' = {ji , j2 • • ■ , jmi , ■ ■ ■ , im.2 

}. There- 
fore, for each /^'"(A) that terminates, there must exist 

a set Smin with the minimal size such that /g'^™"''(^) 
terminates, where Smm = {ji, j2 ■ • ■ , jm'} ("i' = \S,nin\)- 
In our following discussions, we will only consider sets S 
which are minimal in this sense. 

This mapping procedure works directly on Ck gates. 
If W is an n-qubit Ck gate, then there is no need to 
decompose it into consecutive application of several other 
gates and we say we can 'direct teleport' W . Vl^ is in 
iff V5, ff '"'^\A) e C2, and 35', s.t. f°s^''-''\A) i C2. 

Among all Ck gates, the set of semi-Clifford operations 
have the special property that they can be teleported 
with only half the ancilla resources as in a standard tele- 
portation scheme. This 'one-bit teleportation scheme' is 
illustrated in FIG. [H This scheme also complies with 
the mapping description given above. Instead of Bell 
basis measurement, randomness in one-bit teleportation 
scheme comes from single qubit measurement and Pj be- 
longs to a maximal abelian subgroup of the whole n-qubit 
Pauli group in general. 

To teleport an arbitrary n-qubit gate A, we can first 
decompose A into the Ck hierarchy, A = A1A2 . . . Ar, 
where Ai G Cfc. , because we only know how to teleport 
Ck gates fault-tolerantly. We call this procedure 'decom- 
position of A into Coo'. Suppose that to teleport each 
gate j4i, rui maps are needed on average, with average 
taken over all possible set S = {ji, j2 ■ • ■ ,jm}- Then the 
teleportation depth of A is defined as follows. 

Definition 6 The teleportation depth of a gate A, de- 
noted as T, is the minimal sum of all mi-the average 
number of teleportation steps needed to implement each 
component gate of A-where the minimum is taken over 
all possible decompositions of A into Coo • 

Due to Definition [HI in order to calculate the teleporta- 
tion depth of a given gate A, one needs to find all possible 
decompositions of A into Coo gates and calculate the cor- 
responding depth, then minimize over all of them. This 
is generally intractable, but one may expect to upper 
bound the depth with some particular decomposition of 
A into Coo gates. 

Let us first consider the case of an n-qubit Ck gate. 

Definition 7 T{n, k) is the teleportation depth of an n- 
qubit Ck gate. 

As such a gate can be teleported directly, T(n, k) is 
upper bounded by the average number of steps needed 
in this direct teleportation scheme to terminate the tele- 
portation procedure. 

Tin,k)<^J2\^\ (10) 

s 
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where the summation is over all possible (minimal) sets 
S and N is the number of such sets. 

However, when k — > oo, it is not obvious that the above 
summation will converge. We will show that this is true. 
Then for an arbitratry gate A, by decomposing A into a 
finite series oiCk gates, we can see that the teleportation 
depth of A turns out to be finite. Then we do not actually 
require the procedure to terminate within a finite number 
of steps. 

Different teleportation schemes, for example one-bit 
and two-bit teleportation, give different upper bounds 
on teleportation depth for a certain circuit. While for 
some circuits one scheme is obviously more efficient than 
others, the comparison among different schemes in other 
case may not be so straightforward and may depend sen- 
sitively on various parameters in the circuit. In the fol- 
lowing sections, we study such dependence and present 
surprising results beyond our usual expectation with ex- 
amples from important quantum circuits. 



B. Teleportation depth of semi-Clifford Ck gates 

We first calculate explicitly an upper bound for the 
teleportation depth of semi-Clifford n-qubit Ck gates. We 
know from [sj that this kind of gate can be teleported di- 
rectly with the architecture of one-bit teleporation and 
we denote the upper bound calculated with this 'one- 
bit' 'direct' teleportation procedure as Ti(n, fc). For a 
general n-qubit gate, if it is possible to decompose it into 
a series of semi-Clifford Ck operations, the upper bound 
of teleportation depth obtained by teleporting each part 
separately using one-bit teleportation scheme is in gen- 
eral denoted as Ti. 

Definition 8 Ti is the average total number of teleporta- 
tion steps needed to teleport separately each semi-Clifford 
Ck component of a quantum circuit using the one-bit tele- 
portation scheme, if such a decomposition is possible. 

More specifically, Ti{n,k) is the average number of 
teleportation steps needed to teleport an n-qubit semi- 
Clifford Ck gate directly (i.e. without decomposition) us- 
ing the one-bit teleportation scheme. 

Apparently we have T(n, k) < Ti{n, k) in general. 

The probability that the teleportation process termi- 
nates immediately after one teleportation step equals the 
percentage weight of a maximal abelian subgroup in the 
whole Pauli group, which is ^ for an n-qubit Pauli 
group. Now each teleportation step may have two possi- 
ble endings: i) with probability p — {UVnU^^} G Vn 
and the process terminates; ii) with probability 1 — p, 
{UVnU^} is a general n-qubit Ck-i gate and the pro- 
cess goes on. The upper bound of teleportation depth 
calculated with this process is then 



fc-3 

ri(n,fc) = p^s(l-p)^-i + (fc-2)(l-p)'=-3 

s=l 

= 2"(^i-{i-^r-'y (11) 

It is clearly seen from Eq. (fTT|) that Ti{n,k) con- 
verges to 2" when k — s- oo, which means that T(n, k) 
is in general bounded. For instance, when n = 2, Eq. 
(HJ) tells us T(2,fc) < Ti{2,k) = 4(1 - (3/4)'=-2). The 
behavior of Ti(2, fc) is shown in FIG. [5l However, since 
ri(2,fc) = 4(l-(3/4)'=-2) < 4(i_(i/2)fe-2) = 2Ti(l,fc^), 
we find that teleporting two single-qubit semi-Clifford 
Ck gates together using the one-bit teleportation scheme 
needs fewer teleportation steps than to teleport each of 
them separately. 




5 10 15 20 

k 



FIG. 5: The behavior of Ti{2, k) = 4(1 - (3/4)'=-^) 

Since 1 — ^ < 1, Ti(n, fc) quickly reaches 2" as fc grows. 
Therefore, generally, the upper bound of the teleporta- 
tion depth of a Ck gate given by 'direct teleportation' 
is not determined by fc, but by the number of qubits n 
it actually acts on. Moreover, since Ti(n, oo) = 2", i.e. 
the upper bound of teleportation depth increases expo- 
nentially with n, in generally, when n, fc are large, it is 
better to decompose an n-qubit Ck gate into some one 
and two-qubits gates to get a lower upper bound. 

However, if fc ~ P{n-), where P(n) is a polynomial in 
n, then Ti(n, fc) scales as P{n). 

Now we give two examples as applications of the above 
upper bounds, through which we obtain some idea about 
the order of teleportation depth in comparison with the 
usual circuit depth. 

1. Teleportation depth of the n-qubit QFT 

The first example is the n-qubit Quantum Fourier 
Transform (QFT) circuit, as shown in FIG. [HI Rk de- 
notes the unitary transformation Rk = diag(l, e'^''^*/^ ). 
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iJn-l) 

\M)- 



FIG. 6: Circuit for n-qubit Quantum Fourier Transform 



The circuit depth of n-qubit QFT goes as and we wiU 
soon find that the teleportation depth of this circuit is of 
the same order. 

Each block of gates within a single dashed box 
(Hadamard plus controlled z-rotations on the A:*'* qubit)is 
a semi-ClifFord {n — k + l)-qubit Cn-k+2 gate, k — 
1 , . . . , n — 1 and can be teleported directly using the one- 
bit scheme. Therefore the whole circuit can be teleported 
piece by piece by one-bit teleportation. Note that 



T{n,k ^ n + 1) < Ti{n,k = n+1) 
= 2" (l - (1 - 

- 71 - 1 



(12) 
(13) 
(14) 



for large n. Actually, numerical data shows that even 
when n is small, Ti(n, fc = n + 1) ^ n — 1 is almost also 
true. 

Therefore, the teleportation depth of the n-qubit QFT 
is upper-bounded by 

n n 

J2T{j,k^j + l) < ^ri(j,/c = j + l) (15) 

n 

< E(j'-i) 

= in(n- 1) - O(n^). (16) 

Numerial calculation shows that X]j=2 ^lO' ^ = J + 1) 
is almost in(n — 1) — 1. 

Note the probability for the teleportation process to 
terminate is 1 for teleporting an n-qubit Ck=n+i gate 
n — 1 = fc — 2 times. This means that the upper bound 
we got for this block teleportation scheme of QFT is just 
slightly lower than naively assuming that we need k — 2 
teleportation steps to teleport a Ck gate. The reason we 
do not benefit from the avarage is that for QFT, k is 
generally comparable with n. 



2. Uniformly Controlled rotation 

Now we consider another example, the uniformly con- 
trolled rotations, which are widely used in analyzing the 
circuit complexity of an arbitrary n-qubit quantum gate 
[ill [ll|. This circuit in general needs 2"+^ - 4n - 4 




t — T — r 



1 



-Ra 






- R.(«z) 













FIG. 7: Definition of the n — 1-fold uniformly controlled ro- 
tation of a qubit about the axis a 



CNOT gates and 2"+^ — 5 one-qubit elementary rotations 
to implement. For complexity analysis of this circuit see 
for example p^ . 

The teleportation depth of this rotation is in general 
upper bounded by 2". However, if each (?i — l)-qubit- 
controUed gate is in Ck, we might expect to do better. 
For instance, when k — cn, for any positive constant 
n, the teleportation depth scales as cn, i.e. linear in n. 
Moreover, if A: ~ Piji), where P{n) is a polynomial in n, 
then the teleportation depth scales as P{n). 



C. Teleportation depth beyond semi-ClifFord Ck 

gates 

Now recall our series of examples of non-semi-Clifford 
Ck gates given in FIG. S) We know that if Vk £ Ck, then 
Wk G Ck+i- And the group WkV^Wl does not contain a 
maximally abelian subgroup of Ps, i.e. Wk G Cfe+i is not 
directly one-bit teleportable. 

Therefore, we know that there are some Wk gates in 
the Ck hierarchy which can only be teleported directly 
by the standard two-bit teleportation scheme. Using this 
scheme, we can calculate another upper bound for tele- 
portation depth, which we denote as T2(n, fc). 

Definition 9 T2 is the average total number of teleporta- 
tion steps needed to teleport separately each Ck component 
of a quantum circuit using two-bit teleportation scheme, 
if such a decomposition is possible. 

More specifically, T2(n,k) is the average number of 
teleportation steps needed to teleport an n-qubit Ck gate 
directly (i.e. without decomposition) using the two-bit 
teleportation scheme. 

For a general n-qubit Ck gate, T2(n, fc) can be calcu- 
lated by replacing p with ^ in Eq. ITTI) 



fc-3 



\fc-3 



r2(n,fc) = p^,s(l-p)^-i + (fc-2)(l-p)^ 

s=l 

= 4"(^1-(1-^)'^-^) (17) 

which then converges to 4" when fc — > cxd. 

One may guess that in general to teleport Wk di- 
rectly using the two-bit scheme will give a lower bound 
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for teleportation depth than to teleport the Toffoh gate 
and Vk = dia(7(l,e"/^ ) separately using the one-bit 
scheme. Surprisingly, this is not generally true. 

When Vk S C3, this is indeed true. Teleporting Wk 
directly gives a bound of T2{3,4:) = 1.875, which is less 
than ri(3, 4) — 2, i.e. the bound given by teleporting the 
Toffoli gate and Vk separately with the one-bit scheme. 

However, when k 00, teleporting Wk directly gives a 
bound of T2(3, 4) = 5.25, which is greater than Ti(3, 4) = 
3, i.e. the bound given by teleporting the Toffoli gate and 
Vk separately. 

This means that there exists a critical value k that 
determines which way is more efficient for teleporting 
Wk, directly or separately. 

fe+i. Calculat- 



Note if Vk & Ck, we also have Wl £ C, 



ing the bounds of teleportation depth for W^ shows a 
similar behavior as that of Wk , however of a slightly dif- 
ferent value. For instance, when Vk G C3, teleporting wl 
directly gives a bound of 1.5, which is less than 2, the 
bound given by teleporting separately. However when 
k —> CO, teleporting Wl directly gives a bound of 5.5, 
but teleporting separately gives only a bound of 3. 

Up to now, our discussion is entirely based on the Ck 
hierarchy. To summarize the capacity of Ck for fault- 
tolerant quantum computation and provide basis for 
comparison with non-C^ schemes discussed below, we in- 
troduce another notion of Tk- 

Definition 10 Tk is the minimum number of total tele- 
portation steps needed to teleport separately each Ck com- 
ponent of a quantum circuit using either one-hit or two- 
hit teleportation scheme. 

Tk is defined in a way that represents the maximum 
capacity of teleportation based on Ck hierarchy. In gen- 
eral Ti > Tk, T2 > Tk- To understand exactly how they 
compare for a given circuit, a full characterization of the 
structure of Ck is necessary. Here based on the structure 
theorems given in Section HI, we gave a simple example 
where Ti or T2 could be strictly larger than Tk. The next 
question to ask is then whether we can go beyond Ck and 
this will be discussed in the following section. 



D. Teleportation beyond Ck 

In the definition of teleportation depth, we require 
that A be decomposed into a set of Coo gates. This is 
due to the fact that Coo are the only gates that we know 
so far how to perform fault-tolerantly by teleportation. 
In general, if we do not require the decomposition to 
be in Coo, then we might get a better upper bound on 
teleportation depth than the one defined previously, i.e. 
there might exist upper bound T* of teleportation depth 
that is strictly less than Tk. We give two such examples 
below. We leave open the problem of how to implement 
teleportations fault-tolerantly for a general n-qubit gate. 



Example 1 For a general one-qubit gate U, we know 
that U can be decomposed into three Coo gates, each of 
which has Ti < 2. Hence through the decomposition we 
can bound its total teleportation depth by 6. 

However, to teleport U directly without decomposition 
via two-bit teleportation gives a bound of 72 < 4^ = 4 
less than Tk. 

Example 2 Consider a classical reversible circuit given 
in FIG. [SI We denote this series of three Toffoli gates as 

Rc3- 



FIG. 8: The Rcs gate-Three Toffoli gates in series 

This gate i?c3 is not in Ck hierarchy as can be shown 
below: 

Suppose that i?c3 G Ck is at certain level of the hier- 
archy, RcsXiRI^ must be a gate in Ck-i- Calculating 
explicitly as in FIG. Owe have 



X 



CP cp tt cpcp 



4 * (D * * ct) * 



X - 



FIG. 9: Conjugating Xi by Rc3 



The non-Clifford part of the right hand side of the 
equation is a series of two Toffoli gates, and we denote it 
as i?c2- Due to Proposition 3, i?c2 is also in Ck-i. 

As shown in FIG. [TOl conjugating Xi by i?c2 results 
in LR],2, where L is a Clifford operation. However, by 
exchanging the second and third qubit in FIG. [TOl we 
find that RI2X1RC2 = L' Rc2, i.e. conjugating Xi by 
R\2 gives back i?c2- Therefore, Rc2 cannot be in the Ck 
hierarchy and we can conclude that i?c3 is not a Ck gate 
either. □ 




X 



FIG. 10: Conjugating Xi by Rc 
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If we leave aside the problem of how to teleport gates 
beyond Ck fault-tolerantly, we can teleport i?c3 directly 
and obtain an upper bound of 2.75, which is less than 
Tfc = 3, the bound given by teleporting the three Toffoli 
gates separately. 



V. CONCLUSION AND DISCUSSION 

In this paper we address the following questions: what 
is the capacity of the teleportation scheme in practical 
implementation of fault-tolerant quantum computation 
and what is the most efficient way to make use of the 
teleportation protocol. To answer these questions we first 
notice that one-bit and two-bit teleportation schemes re- 
quire different resources to implement and are of differ- 
ent capabilities. To understand what kind of gates can 
be teleported fault-tolerantly with these two schemes re- 
spectively, we study the structure of Ck hierarchy and its 
relationship with semi-Clifford operations. We show for 
n — 1,2, all the Ck gates are semi-Clifford operations, 
which is also true for {n = 3, A: = 3}. However, this is no 
longer true for parameters {n > 2, k > 3}. Based on the 
counterexamples we constructed for {n — 3, k > 3}, we 
conjecture that all C3 gates are semi-Clifford and all Ck 
gates are generalized semi- Clifford. 

Such an understanding of the Ck structure has great 
implications on the optimal design of fault-tolerant ar- 
chitectures. While all Ck gates can be teleported fault- 
tolerantly, the semi-Clifford subset of it requires less re- 
sources to implement than others. To quantify this no- 
tion of gate complexity in fault-tolerant quantum com- 
putation based on the Ck hierarchy, we introduce a mea- 
sure called the teleportation depth T, which characterizes 
how many teleportation steps are necessary, on average, 
to implement a given gate. Using different teleportation 
schemes, we can give different upper bounds on T, for 
example Ti, T2 and Tk- General assumption was that 
Ti = T2 = Tk = T. However we showed in this work that, 
surprisingly for certain series of gates Ti could be strictly 
greater than Tk and Tk could also be strictly greater than 
T. 

The ultimate understanding of the structure of Ck will 
provide a clearer clue on how to teleport circuits most 
efficiently. To achieve this goal, some results from other 
branches of mathematics might be helpful. It is noted 
that the Barnes- Wall lattices, whose isometry group is 
a subgroup of index 2 in the real Clifford group, have 
been extensively studied and recently their involutions 
have been classified [31 ■ It is our hope that the C3 struc- 
ture might be further understood once we have a better 
understanding of the Clifford group. 

For n = 1, we fully characterize the structure of Ck 
by further study on the diagonal gates in Ck, which 
form a group. It is interesting to note some evidence 
that Ck gates might be the only non-Clifford gates which 
could be transversally implemented on a stabilizer code 
0. We also fully characterize the structure of C3 for 



n = 3, but this seems not directly related to allow- 
able transversal non-Clifford gates on stabilizer codes. 
It is shown that those transversal non-Clifford gates are 
allowed only if they are generalized semi-Clifford ^1^, 
therefore we might expect some generalized semi-Clifford 
Ck gates transversally implementable on some stabilizer 
codes. We believe such kind of exploration on the rela- 
tionship between transversally implementable gates and 
teleportable gates will shed some light on further un- 
derstanding of practical implementation of fault-tolerant 
architectures. 
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Appendix A: Single qubit Ck gates 

1. Single qubit gates with eigenvalues ±1 

In this section we discuss what kind of single qubit uni- 
tary gates could have eigenvalues ±1 apart from an over- 
all phase factor, i.e. if A-|_, A_ denote the two eigenvalues 
of a single qubit unitary U , then what is the condition 
under which A-f-l-A- = 0. This information is useful since 
only the unitary of this kind can be transformed into el- 
ements in Pauli group under conjugation, i.e. there exits 
a unitary operator R, such that RAR'' — e'^C/, where 
A £ Ci. We'll see that those kind of unitary has very re- 
stricted form which is given by the following proposition. 

Proposition 7 ; The single qubit unitary gates which 
have eigenvalues ±1 apart from an overall phase factor 
could only be of the following two forms: 



1 

e'"^ 



COS(, 

sin (he' 



sin (f)e 



COS( 



Proof: We begin to prove this proposition by writing 
down a general form of single qubit unitary gate as the 
following: 



r = 



sm me 



sm (pe 
- cos (be 



(18) 



Direct calculation gives 



X+ = - cos (Ae" 
2 

1 



— cos (be 
2 



±-e-''{cos(^^e^'' 
2 ^ ^ 



2cos(/)^e2*' 



+ cos02+4e2^e)i/2 
(19) 



11 



Therefore A+ + A_ = gives 

cos(;isin6' = (20) 

If cos (j) = 0, the unitary must adopt the form of Ti{(p); if 
sin ^ = 0, then apart from an overall phase, we can simply 
choose ^ = which leads to the form of r2{4>,S,)-0 

Note Fi could be viewed as a special situation of r2 
for the case cos ^ = 0. However, we list Fi separately for 
future convenience. 



is in Cfe. 
Note 

SkX = Vk, (27) 

and we already know that Sk G Ck- Therefore by deriving 

Vk we get nothing new due to proposition 1. 

Now wc come to the T2{4>,S,) case. Similarly, we begin 
from the two normalized eigenvectors of r2(^, ^), which 
can be chosen as 



2. Gate series associated with ri((p) and r2(^if>,^) 

In this section we investigate the gate seises asso- 
ciated with Ti((p) and r2(</>, ^). It is obvious that 
if Fi ((/)), r2(0, ^) G Cfe, then the unitary U{lp) whose 
columns are the eigenvectors of ^i{<f) or T2{(j),£,) might 
be in Ck+i, given that U{ip)ZU{(p)'^ = Ti{ip). 

For Fi {(fi), the two normalized eigenvectors can be cho- 
sen as 

|Fi(^))+ = i=(|0)+e^^/2|l)) 

|Fi(<p))_ = i=(|0)-e'^/2|l)) (21) 

we now want a unitary whose columns is are eigenvectors 
of Fi(<^) apart from an overall factor of each eigenvector, 
i.e. 



C/(v^,a) = (e-|Fi(^)) 
1 

" V2 



ri(^)>-) 

e*" 1 



(22) 



If U{(p,a) G Ck+i, then U' = LiU{(p,a)L2 is also in 
Ck+i- What is important for us is to find U' which is 
either of the form Fi or F2, then from its eigenvectors 
we can generate gates in Ck+i- It is noticed that if we 
choose a = 0, then 



c/(^,o) = (|ri(^))+,|Fi(<^))_) 



1 

71 



1 1 



(23) 



and 



U{ip,0)HX = 



1 



= Fi(^/2). (24) 



Later we will show that for all the allowed value of 
a, there exist Li,L2 G C2, such that LiU{(fi,0)L2 = 
U{(p, a), so it is sufficient to consider the case of a = 0. 
Therefore we get a set of unitary given by 



Ffc((^) = Fi((^/2* 



(25) 



if Fi(^) G C2 then Fi((^/2'=) could be in Ck- We already 
know that F(7r/2) is in C2, then we have 



Ffe = ri(2V2'=) 



(26) 



|r2(,^,0)+ = ^(cos^|0)+sin^e-'«|l)) 
|F2(<^,0)- = ^(sin^e'«|0)-cos^|l)) (28) 

we now construct a unitary whose columns are eigenvec- 
tors of T2{ip) apart from an overall factor of each eigen- 
vector, i.e. 



1 

71 



e''^ cos I 



■ cos § 



(29) 



If U{<j),C,f3) G Ck+i, then U' ^ LiUi<j), f3)L2 is also in 
Ck+i- It is noticed that if we choose (3 = 0, then 



U{cf>,^,0) = {\T2{(I>,0)+A^2{<I>,0)-) 

1 

2 



V2 



cos^ sin^e'^ 



■ cos ■ 



(30) 



Also later we will show that for all the allowed value of 
a, there exist Li,L2 G C2, such that LiU{4>,^,0)L2 = 
U{(j), ^, (3), so it is sufficient to consider the case of /? = 0. 
Therefore we get a set of unitary given by 



H^fe(.^,0 = r2(<^/2'=-\0, 



(31) 



if F2(0,^) G C2 then Fi((/)/2'=-i, ^) could be in Ck- We 
already know that only for F2(7r/4, 0) is in C2, then we 
have 



Wfc=F2(7r/2^0) 



(32) 



is in Ck ■ 

Note for other possible values of and ^, it is straight- 
forward to show that there exist i 1,-^2 G C2, such that 
LiF2(7r/4, 0)1/2 = r2(<;/>, 0> so it is sufficient to consider 
the case of ^ = 7r/4 and ^ = 0. 

Note 



HPWkPX ~ Sk, 



(33) 



where ~ means up to an overall phase, and we already 
know that 5^ G Ck- Therefore again by deriving Wk we 
get nothing new due to proposition 1. 
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3. Gates in Ck \ Ck-i for single qubit 

We conclude this section by presenting the following 
proposition, which gives the structure of Gates in Ck \ 
Ck-i for single qubit. 

Proposition 8 The set Ck\Ck-i for single qubit is given 
by 



where Li, L2 € C2, k > 2. 



(34) 



Proof: We almost reached the proof of this proposition 
by considering the results in subsections A and B. The 
only left we need to clarify is 

1. What happens when Ck is diagonal, which can not 
be directly obtained by considering the eigenvectors of 
Vk^i and Wk-i- The answer is already known, since 5*^ 
is the only diagonal gate in Ck \ Ck-i- 

2. The values of a and /3. This can be answered by 
noting the fact the equations 



UZU^ = Gi 
UXU'' = G2 



(35) 



with Gi , G2 known totally determines U up to an overall 
phase. Let's start from 



C/((^,a) 



1 



1 



(36) 



Note U{f,a)ZU{ip,ay -ri(20), and 
C/(^,a)XC/(^,a)t 



1 

"7^ 



cos a sm ae 
sin ae*^'^ 



cos a 



(37) 



Appendix B: Detailed analysis about C3 
1. Notations 

Let's first define some notations. 

Recall Vn is the Pauli group for n qubit with order 
4"+^ Now let Vn be the quotient group 'Pn/Z{Vn) with 
order 4". 

Let C2{n) denote the Clifford group for n qubit. Define 
the quotient group C2{n) = C2{n) / Z {C2(n)) . Since Vn is 
a normal subgroup of C2{n), we could further define a 
quotient group C2{n) = C2{n,)/Vn — Sp{2n,2). Note 
Sp{2, 2) = S3 and S'p(4, 2) = 5*6. Denote the set K.{n) = 
{A\A e 5*^(271, 2), = 1}, i.e. IC{n) are the set of aU 
involutions of the symplectic group Sp{2n, 2). 

Denote the order of maximal Abelian subgroup of /C(n) 
by a{n). Hence a(l) = 2,a(2) = 8,a(n) < 

Define the set M{n) = {U\U £ C2(n) \ T'n U {/}}. 



Now recall the definition for Ck{n): 

Ck{n) = {U\UP,,U^ eCk-i{n)} 



(38) 



For any n-qubit U £ Ck (n) , the group Gjj (n) is defined 
by Guin) = UVnU^- 

Define the set 7^fe(n) = {U\U G Ck{n),W'' = 
W,Tr{W)=0}. 

And the set J-k{n) — {U\U G Ck{n),U is diagonal}. 

Denote the group generated by {Aijf^^ by ({^i}"=i) 
for any set of operators Ai. 



2. Some facts for calculating C3 structure 

We state some simple facts about C3 structure which 
we use to verify Theorem 3 numerically. 

Fact 1 We could always choose Guin) C TZk-i{n) for 
any U in Ck{n). 

Because we can always choose Hermitian and trace zero 
elements in Vn as the representative element for each 
element in Vn- 

Fact 2 // all n — I -qubit Ck gates are semi- Clifford, 
and if Gu{n) D where Bi G Vn and Bi ^ 

B,j,B,Bj ^ Bk for i^]^k, then Guin)nV„ C Kzin). 

Because if ({-Bijf^i) 7^ Kz{n), then U{n) could be 
reduced to U{1) ® U{n — 1) via Clifford operation. 

Fact 3 IfA^Be M{n)mZ2{n), and A,B correspond to 
the same element in C2{n), then AB G Vn- 

Because if A^B correspond to the same element in 
C2{n), then there exists a €Vn such that A — aB. 

Fact 4 For any n-qubit C3 gate U , if Gu(n) 13 
({Zj}™]^), where m < n, then the quotient group 
Guin)/{{Z^}Zl) e IC{n) is Abelian. 

For any n-qubit C3 gate U, if Gu{n) 3 ({Zj™i), 
where m < n, then the quotient group 
Gu{n)/{{Ziy^-^) G /C(n) is Abehan. Because elements 
of Gu{n) G C2(n) are either commute or anticommute, 
the corresponding elements in C2{n) should commute. 



3. n — 1 case 

Since Sp{2,2) ^ S3, a(l) = 2 <^4. Hence G[/(2) R-Pa 
contains at least one element in Vi, i.e. G[/(l) OVi ^ 
Kz{l) holds for any single qubit C3 gate. 

Furthermore, it is noted that any U G TZk{l) can be 
parameterized by 



uie,ip) 



sm0e"^ 



sm ( 
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and starting from elements in 7?.2(1) and calculate their 
eigenvectors, we understand that Lp can only be of the 
values 0, -I, TT, ^ for cos 9 ^ 0. This directly leads to the 
fact that the conjecture is true for any k when n — 1. 
See ck.pdf for the details of this. 

4. n = 2 case 

Since 5^(4, 2) = Se, a{2) = 8 < 16. Hence Gc/(2) n V2 
contains at least one element in 7^2- However, this is not 
enough to claim Gu{2) n V2 holds for any two-qubit U . 
We need to examine the structure of Gu{2) 7^2 in more 
detail. 

Consider the maximal Abelian subgroup in /C(2) of or- 
der 8, and its corresponding elements in C2{n), direct 
calculation shows it does not contain a subgroup of struc- 
ture Vi X Z2 . Hence we need to further consider Abelian 
subgroup in /C(2) of order 4. Due to lemma 3, we result 
in Gu{2) n P2 2 Kz{2) holds for any two-qubit C3 gate. 

Then using Lemma 1 and 2, we could calculate Ci{2) 
numerically. The result then shows that all the Ct,{2) 
gates are semi-Clifford. 

5. n = 3 case 

Since a(3)=64, and direct calculation of this group 
shows that not all the elements could be in TZ2 (3) , hence 
Gu{i) n 7^3 contains at least one element in V^,. Again, 
this is not enough to claim G'c/(3) n T'a 3 Kz{i) holds 
for any three-qubit U . We need to examine the structure 
of Gc/(3) n 7^3 in more detail to dig out 2 more elements 
in 7^3. 

Using Facts 1, 2 and 3, we could calculate C3(3) numer- 



ically. The result shows that the conjecture is also true 
in this case. See next subsection for more about C3(3). 

6. Diagonal gates in C3 

Define a diagonal Matrix A by Ajk = Sjke^^^ where 
j = 1, N, = 2" , for n-qubit case. 
We now prove the following 

Lemma 1 // A G C3, if we choose An = 1, then Ajj = 
g«nj7r/4 j^^ j ^ \ ^ where nij are some integers. 

Proof: We first prove for j — N . Note we choose 
All = 1 to get rid of the overall phase of A. Denote 
A' = A®" AX®" At, and A" = A®"A'A®"A't. Note 
A', A" are also diagonal. Since A e C3, A" must be in 
Pauli apart from an overall phase. And we also have 
A'(^ = e^*^", A^^ = e"^**". Hence we must have 
AL. ^ e'**''" = ±1 , i.e. 9 = for some integer 

ruN- 

For j N , there always exists a Clifford group 
operation which keeps |j) invariant but maps |1) 
+ 1 — j). Hence the above procedure applies to any 

Note the similar idea applies to the diagonal Ck gates, 
i.e. if A e Ck , if we choose An = 1 , Ajj = e*'"^^/^'"'"' 
for any j ^ 1, where ruj are some integers. 

Now we consider some concrete gates: 

Proposition 9 For n — 3, the three qubit diagonal C3 
gates are given by a group generated by tt/S gate, control- 
phase gate and control- control- Z gate. 

Proof : The proof is directly given by numerical cal- 
culation, based on Lemma l.D 
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